On the Riccati equation  by Koch, Richard M & Lowenthal, Franklin
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 32, 223-234 (1970) 
On the Riccati Equation 
RICHARD M. KOCH AND FRANKLIN LOWJZNTHAL 
University of Oregon, Eugene, Oregon 97403 
Submitted by Norman Levinson 
The Riccati equation 
is related to a linear second-order differential equation by the substitution 
which implies 
1 w’(z) 
y(z) = = - ) 
44 44 (2) 
(3) 
If ua # 0 on a domain D and x0 is a point of the universal covering space D 
of D, the theory of linear differential equations implies the existence of a 
unique meromorphic solutionf, of (1) on fi with initial condition fA(zo) = A; 
here X E C u {co} [l]. Each singularity of fn is a pole of order 1. 
The general solution of Eq. (1) is given in terms off0 , fi , and fm by 
h = (fm -fi)fo - h(fo -fdfm 
(fm -fd - h(ffJ -fJ * 
More generally, if fm, , fa, , and f=, are three distinct solutions and L is the 
unique linear fractional transformation taking ~0 to 01~ , 0 to 01s , and 1 to 01s , 
(fa, -fm,) - Yfu, -fa,) * (5) 
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In this paper necessary and sufficient conditions will be formulated that one, 
two, or three given meromorphic functions on D satisfy a Riccati equation. 
D will denote a connected open subset of the plane; special attention will be 
given to the cases D = C and D = C - (0). 
Existence of Riccati Equations with Prescribed Solutions 
THEOREM 1. Let f (z) b e meromorphic on D with only simple poles. Then 
there exist functions a,(z), a,(x), 2( ) a z analytic in D, a2 never zero, such that 
$ = so(z) + a&) f + 42) f? (6) 
Proof. If z1 is a simple pole off with residue A, , 
Then 
f (4 = & + h&l for h, analytic at zr . 
1 
and a, + a,f + azf2 = Tfj$ + .“; 
if (6) is to be satisfied - A, = a,(q) AI2 or 
1 
a&1) = - Res,,( f) * (7) 
Let Z, , za ,... be the poles off; use the Weierstrass and Mittag-Leffler 
theorems to choose an analytic b(z) satisfying 
‘(‘i) = log ( Res,,t f) ) ’ 
Let a&) = eb(*). a2 is nonzero on D and has the correct value at each za . 
Consider the coefficient of (Z - zi)-’ in the expression (df/dz) -a, f  - a2 f  2: 
- a&J Res,,( f) + 2hh) - R&,(f) ai( (8) 
Select al(z) analytic in D so that the above expression is zero at each z~; 
this is possible by another application of the Weierstrass and Mittag-Leffler 
theorems. If 
df 
a0 = z - aIf - a2f2, 
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a, is analytic in D and 
df - = a, + a,f + a,f 2* dz 
An alternate proof based on a corresponding theorem for linear second- 
order differential equations can also be given [2]. 
In the results which follow, the statement f # g for meromorphic functions 
f and g in D always means f and g have no common poles in D and f and g 
are unequal at each point of D. 
THEOREM 2. Suppose f  and g are meromorphic in D with only simple poles. 
f and g simultaneously solve a Riccati equation with a2 # 0 if and only if f  f  g 
in D. 
Proof. Naturally the condition is necessary since each solution is uniquely 
determined by the initial condition. To prove it sufficient consider the equa- 
tions 
df 
z=a,+a,f +a,f2 and 
& 
z = a, + a,g + a.g2, (9) 
which upon subtraction give 
(10) 
a2 determines a, via (10) and so a0 via (9). Choose a2 as in Theorem 1; at 
each pole .zi off, 
-1 
a2(zi) = Reszi( f) ’ 
and at each pole wi of g, 
-1 
a,(w& = - . 
Reswjk!> 
The function a, determined by Eq. (10) is analytic since 
df dg --- 
dz dz 
f-g 
and a4f +g) 
both have simple poles with residue - 1 at each pole off or g. 
The two choices 
df a,=&-a,f -apf2 and & a, = - - %g _ asgz 
dz 
409/32/I-15 
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are equal by (10); a,, so determined is analytic since at each pole of f, 
dg/dz - a,g - w2 is analytic and at each pole of g, df/dx - a, f  - a2 f  2 is 
analytic. 
The corresponding result for three functions depends on the following 
theorem. 
THEOREM 3. Let f, g, and h be distinct solutions of Eq. (1) on the universal 
covering space b of D. Then 
P=P(f,g,h)=;< (11) 
is a mesomorphic function on D with simple poles and P’ f  0 whenever P is 
analytic. 
I f  f ,  g, and h assume the initial values 011, “2 , and 05 at z,, and L is the linear 
fractional transformation which takes co to 01~ , 0 to “z , and 1 to 0~~) 
P-V) = {Poles offd 
Moreover 
P(f, g, h) = L-l 0 P(fm ,fo ,fi). 
Proof. If f ,  g, and h are three distinct functions which simultaneously 
solve a Riccati equation 
a0 + alf + a2f2 =f’, 
a0 + ad + a2g2 = g’, 
u,+a,h+a,h2 =h’, 
(12) 
then 
= (f -g)(g-h)(h -f) ’ 
(13) 
But 
p’ = k - h) (f’ - ;);;)f - h) (g’ - h’) = _ 
2 
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consequently, 
P’ 
a2= P(f-g)’ (15) 
Since a, never vanishes, ord P’ = ord P + ord( f - g); from the definition 
of P, ord P = ord( f - h) - ord(g - h). As f, g, and h take distinct values 
at each point of B, P # 0, 1, co and P’ # 0 unless f, g, or h has a pole. At a 
pole off the order equations imply P has a simple pole. At a pole of g the order 
equations imply P has a simple zero. At a pole of h the order equations imply 
P’ # 0; the definition implies P = 1 at such a pole. 
If h is not co, 0, or 1, fL(,+j cannot equal co at a pole off, g, or h. Since 
fLtA) = (f - h)g - h(g - 4f 
(f - h) - Ng - 4 
by (5), its poles can only occur when (f - h) - X(g - It) = 0, i.e., P = A. 
Each such point is a pole, else (f - h) g - X(g - h) f = 0; this, however, 
implies h(g - h) (g -f) = 0, an impossibility. 
Finally Eq. (4) implies 
fn= P(fm,fo,fi)fo-~fm. 
P(fo3>fO~fi) --h ’ 
substitution in (11) yields 
(16) 
(17) 
THEOREM 4. Suppose f, g, and h are meromorphic on D with only simple 
poles, and f # g, f # h, g # h. f, g, and h simultaneously satisfy a Riccati 
equation in D with a2 # 0 if and only if (f - h)/(g - h) has only simple poles 
on D and has nonvanishing derivative whenever it is analytic. The corresponding 
Riccati equation is uniquely determined by f, g, and h. 
Proof. The condition is necessary by Theorem 3. By Eq. (12) 
a’ = (f-g) (g - 4 (h -f) ’ a’ = (f - g) (g - h) (h - f) 
Wf, g, h) 
a2=P(f,g,h)(f -g)’ 
(18) 
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The denominators of a, and a, are analytic and nonzero except for a pole 
of order 2 at each pole off, g, and h. The numerators of a, and a, are analytic 
except for poles of order at most 2 at each pole off, g, and h. Consequently a, 
and a, are analytic. 
ua is analytic and nonzero except possibly at poles off, g, and h. A direct 
examination of these points shows, however, that ua is also analytic and non- 
zero at each of them. 
Since P controls the location of the poles it is of interest to find conditions 
that a Riccati equation exist with prescribed P. 
THEOREM 5. Let f and g be meromorphic on D with only simple poles, f # g. 
Let P be meromorphic on D ; suppose all poles of P are simple and P’ # 0 
whenever P is analytic. Let h be the (unique) meromorphic function on D such 
that P(f, g, h) = P. f, g, and h simultaneously solve a Riccati equation on D 
with u2 # 0 if and only if P-l(a) = {poles off}, P-l(O) = (poles of g}. In that 
case iff(d = al, g&d = a2, h(x,) = (Ye and L is the linear fractional truns- 
formation taking co to 01~ , 0 to a2 , and 1 to 01~ , 
Proof. The condition is necessary by Theorem 3. Observe that 
hEPg-f p--l; 
to prove sufficiency it is enough, by Theorem 4, to show that h has simple 
poles and h # f, h f g. Since P’ # 0, h has simple poles when P = 1 and 
no other poles except when f  or g has a pole. At a pole off, P has a simple 
pole, so l/P equals zero and f/P is finite and nonzero. Since 
g-$ 
hr- 
1-f’ 
h is finite and unequal to g. At a pole of g, P = 0; consequently h is finite. 
h cannot equal f  at such a point zO, else (Pg) (zo) -f (z,,) = -f (z,,) so 
(49 (4 = 0; th is is impossible since g has a simple pole at a,, and P has a 
simple zero at a,. 
At points not poles off or g, h cannot equal f ,  else Pg -f = Pf - f or 
P(g -f) = 0, an impossibility. Similarly h #= g. Equation (19) follows 
from Eq. (5). 
THEOREM 6. Let P be meromorphic on D; suppose all poles of P are simple 
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and P’ # 0 whenever P is analytic. Let f  (x) be meromorphic on D with only 
simple poles. A Riccati equation exists possessing solutions f, g, and h meromor- 
phic on D such that P( f,  g, h) = P if and only ;f  P-l( 00) = {poles off}. 
Proof. Use the Weierstrass theorem to find an analytic function with a 
simple zero at each point of P-‘(a) U P-l(O) and no other zeros. l/k(z) has a 
simple pole at each point of P-‘(co) u P-l(O) and no other poles; it is never 
zero. Then choose m(z) analytic and never zero on D such that at each pole 
off, m(z) has the value Resf/Res(l/K). Then m(z)/h(z) has simple poles at 
each point of P-‘(W) U P-l(O) and no other poles; it is never zero and 
Res m/k = Resf at each point of P-‘(W). Let 
then 
44 
d4 = f(4 - K(z); 
P-l(O) = {poles of g> and f  -g=F#O. 
By Theorem 5 a Riccati equation exists with P( f, g, h) = P. 
THEOREM I. Let P be meromorphic on D; suppose all poles of P are 
simple and P’ # 0 whenever P is analytic. A Riccati equation exists possessing 
three solutions f, g, and h meromorphic on D such that P( f,  g, h) -= P. 
Proof. Use the Mittag-Leffler theorem to find a meromorphic function f  
on D with all poles simple such that (poles off } = P-1( co), and then apply 
Theorem 6. 
COROLLARY. Let A and B be disjoint countable subsets of D, neither having 
any limit points in D. Then there exists a Riccati equation with solutions f  and g 
such that {poles off} = A, {poles of g} = B. 
Proof. Choose f  as in Theorem 7 (replace P-‘(W) by A) and g as in 
Theorem 6 (replace P-l(O) by B) and then apply Theorem 2. 
Let c+) and /I(Z) be analytic functions on D; suppose 01 is never zero. To 
each Riccati equation y’ = a, + a,y + a,y2 there corresponds a new 
Riccati equation y’ = d, + Sly + c?,y2 whose solutions have the form 
c+)f(z) + /3(z) as f runs through solutions of the original equation; in fact 
the new equation is easily seen to be 
These two equations will be called linearly equivalent. 
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Each Riccati equation determines a meromorphic function P on ij; from 
Theorem 3, P is unique up to a linear fractional transformation. Linearly 
equivalent equations yield the same class of P functions; in fact 
P(af + 8, q + 8, cd + S) = (af + B> - Cd + 4 _ f--h - P(f, g, h). 
(“g + 8) - (ah + 8) g - h 
THEOREM 8. If two Riccati equations yield the same class of P functions 
and all solutions of both equations are single valued on D, the equations are 
linearly equivalent. 
Consequently there is a 1: 1 correspondence between linear equivalence classes 
of Riccati equations with single-valued solutions and equivalence classes of 
meromorphic functions P on D with simple poles and nonvanishing derivatives 
under the equivalence relation obtained by multiplication by linear fractional 
transformations. 
Proof. Let f, g, and h be solutions of the first equation; clearly solutions 
f; g’ and h” of the second equation can be found with P( f, g, h) = P( i g”, h). 
Consider the equations 
they imply 
Since 
and 
(poles off } = P-l( co) = {poles off> 
{poles of g} = P-l(O) = {poles ofg”}, 
01 and j3 are clearly analytic and (Y is never zero. By Eq. (19) the most general 
solution of the second equation is 
Riccati Equations in D = C 
THEOREM 9. Let dyldz = a, + a, y + a,y2 be a Riccati equation on C, 
a2 # 0. Either every solution has Jinitely many poles or else every solution, with 
at most two exceptions, has infnitely many poles. 
Proof. By Picard’s theorem P takes each value in the extended plane 
infinitely often, with at most two exceptions, unless P is rational. 
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THEOREM 10. If every solution of a Riccati equation in C has finitely many 
poles, the equation is linearly equivalent to 
dr -&= -yz. (23) 
Therefore entire functions a(z) and /3(z) can be found, a never zero, such that 
the equation is 
f&g4!&$)+~+zL)y-~yz, (24) 
and the most general solution is 
f(x) = g + PC4 (25) 
as c runs over the extended complex plane. 
Proof. By the proof of Theorem 9, P must be a rational function. Each 
rational P, considered as a map of Riemann surfaces P’(C) + P’(C), satisfies 
the Hurwitz genus formula 
2n - 2 = 1 {d,(P) - l>, 
P@‘(C) 
(26) 
where d,(P) is the degree of the map P at p and n is the number of times P 
takes each complex value. By Theorem 3, d,(P) = 1 at each finite point of 
Pi(C); consequently 2n - 1 = d,(P). Of course d,(P) < n, so n = 1. P is 
therefore a linear fractional transformation and so equivalent to z. Since 0, 
l/z, and l/(z - 1) are solutions of (23) and 
p o&&)=., ( 
the original Riccati equation is linearly equivalent to (23) by Theorem 8. The 
general solution of (23) is l/(z - c); the rest of the theorem follows by 
definition of linear equivalence. 
COROLLARY. If every solution of a Riccati equation in C is rational, the 
equation is 
dr -= 
dz ( 
Pf(z)-q+) +qdy~$ye, (27) 
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where a is a nonzero constant and P is a polynomial. The general solution is 
f= g+ + PC4 (28) 
as c runs over the extended complex plane. 
THEOREM 11. Let A and B be two jinite disjoint subsets of C (possibly 
empty). A Riccati equation exists such that all solutions but two, f and g, have 
infinitely many poles and {poles off } = A, (poles of g} = B. 
Proof. Let A = {z~}?!~ , B = (w~}?=~ . By the Corollary after Theorem 7, 
it is immediate that there exists a Riccati equation with two solutions f  and g 
such that the {poles off } = A, and {poles of g} = B. All other solutions have 
infinitely many poles unless m < 1, n < 1. Indeed if three solutions have 
finitely many poles, all solutions have finitely many poles by Theorem 9, so 
all solutions but one have one pole and one solution has no poles, by Theo- 
rem 10. 
If m = 0, n = 0, a Riccati equation can be found with f  = 0 and g = 1 
as solutions by Theorem 2; Theorems 9 and 10 again imply that all other 
solutions have infinitely many poles. 
If m = 0, n = 1, without loss of generality assume that wi = 0. Let t(z) 
be an entire function whose derivative is (eZ - 1)/z; choose P(z) = zetlz). 
Thus P-~(W) = a, P-l(O) = (0) and P’ # 0 since 
P’ = [l + zt’(z)] etcz) = ezet(*). 
By Theorem 6 a Riccati equation exists with solutions f ,  g and h, 
P( f,  g, h) = P; since P is not rational all solutions except f  and g have 
infinitely many poles. 
If m = 1, n = 1, without loss of generality assume that zi = 0, wr = 1. 
Let t(z) be an entire function whose derivative is (e28*z - 1)/z@ - 1); choose 
Then 
P-‘( co) = (01, P-l(O) = (1) 
and P’ # 0 for z # 0 since 
P’(z) = [$- + + t’(z)] et(“) = $ e2nizet(*). 
The remainder of the proof is completely analogous to the case m = 0, n = 1. 
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Riccati Equations in D = C - (0) 
THEOREM 12. Let dy/dz = a, + a, y + a,y2 be a Riccati equation in 
C - {0}, a2 # 0, such that every solution is single-valued. Either every solution 
has finitely many poles or else every solution, with at most two exceptions, has 
infinitely many poles. 
Proof. If P is not rational and the origin is removable or a pole, Picard’s 
theorem implies that P takes every extended complex value infinitely often, 
with at most two exceptions. If the origin is an essential singularity, Picard’s 
theorem again implies the same result. 
THEOREM 13. If every solution of a Riccati equation in C - (0) is single- 
valued and has finitely many poles, the equation is linearly equivalent to one of 
dr -=- 
dz 
nzn-1y2, n = 1, 2, 3 ,... . 
Therefore anaZytic functions 01(z) and #z) exist on C - (0}, 01 # 0, such that 
the equation is 
dr - = 
dz ( 
8’ - E.g - !?Y?EE) + ( 2y-l + $) y _ q: y2 
(Y 
(30) 
and the most general solution is 
f= g& + K4 (31) 
as c runs over the extended complex plane. 
Proof. By Theorem 12, P must be a rational function. Since d,(f) = 1 
for p not zero and co, Eq. (26) implies 
2n = d,,(P) + d,(P). (32) 
Obviously d,,(P) < n and d,(P) < n; consequently d,(P) = d,(P) = n. 
In particular P(O), P(l), and P(a) are distinct; let L be the linear fractional 
transformation taking P(0) to 0, P(1) to 1, and P(W) to CO. L 0 P is rational 
with a pole of order n at co, a zero of order n at zero, and no other poles or 
zeros; hence L 0 P = OIZ”. Since L 0 P( 1) = 1, L 0 P = ~9. 
Since 0, l/sn, and l&r” - 1) are solutions of (29) and 
P 
( 
0, $, -&) = zn, 
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the original Riccati equation is linearly equivalent to (29) by Theorem 8. 
The general solution of (29) is (Pg - Af)/(P - A) = l/(z” - A); Eqs. (30) 
and (31) follow immediately. 
COROLLARY. If every solution of a Riccati equation in C - (0) is rational, 
the equation is 
dr 
z= Zk ( P’(4 - 
(33) 
+( a;k::!!+1 + +) y - 5 y2 
where k, m, and n are integers, k 3 0, n > 1, 01 is a nonxero constant and P(z) 
is a polynomial, P(0) # 0 unless P = 0. The general solution is 
as c YUM over the extended complex plane. 
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